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HODGE GROUPS OF ABELIAN VARIETIES WITH PURELY
MULTIPLICATIVE REDUCTION
A. SILVERBERG AND YU. G. ZARHIN
1. Introduction
We show that if A is an abelian variety over a subfield F of C, and A has purely
multiplicative reduction at a discrete valuation of F , then the Hodge group of A is
semisimple (Theorem 4.1). Since the non-semisimplicity of the Hodge group of an
abelian variety can be translated into a condition on the endomorphism algebra and
its action on the tangent space (see Theorem 3.1), this gives a useful criterion for
determining when an abelian variety does not have purely multiplicative reduction.
For abelian varieties over number fields, a result analogous to Theorem 4.1 holds
where the Hodge group is replaced by a certain linear algebraic group Hℓ over Qℓ
arising from the image of the ℓ-adic representation associated to A (see Theorem
3.2). The Mumford-Tate conjecture predicts that Hℓ is the extension of scalars to
Qℓ of the Hodge group.
Our result generalizes a result of Mustafin (Corollary after Theroem 3.2 of [13]),
which says that for a Hodge family of abelian varieties (as in [10]) admitting a
“strong degeneration”, generically the fibers have semisimple Hodge group. The
problem of describing the Hodge group of an abelian variety with purely multipli-
cation reduction was posed by V. G. Drinfeld, in a conversation with Zarhin in the
1980’s.
In §5 we provide bounds on torsion for abelian varieties which do not have purely
multiplicative reduction at a given discrete valuation. We apply this and Theorem
4.1 to obtain bounds on torsion for abelian varieties whose Hodge groups are not
semisimple.
Silverberg would like to thank MSRI and IHES for their generous hospitality,
and NSF for financial support. Zarhin would like to thank the Institute fu¨r Exper-
imentelle Mathematik for its hospitality, and Gerhard Frey for his interest in the
paper and useful discussions.
2. Definitions, notation, and lemmas
Suppose A is an abelian variety defined over a field F of characteristic zero,
and L is an algebraically closed field containing F . Write EndF (A) for the set
of endomorphisms of A which are defined over F , let End(A) = EndL(A), let
End0(A) = End(A)⊗Z Q, and let End0F (A) = EndF (A) ⊗Z Q.
Suppose K is a field and ι : K →֒ End0F (A) is an embedding such that ι(1) = 1.
Let LieF (A) be the tangent space of A at the origin, an F -vector space. If σ is an
embedding of K into L, let
nσ = dimL{t ∈ LieL(A) : ι(α)t = σ(α)t for all α ∈ K}.
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Note that nσ is independent of the choice of an algebraically closed field L containing
F . Write σ¯ for the composition of σ with the involution complex conjugation of K.
Definition 2.1. If A is an abelian variety over an algebraically closed field L of
characteristic zero, K is a CM-field, and ι : K →֒ End0(A) is an embedding such
that ι(1) = 1, we say (A,K, ι) is of Weil type if nσ = nσ¯ for all embeddings σ of K
into L.
Lemma 2.2. If A is an abelian variety defined over a field F of characteristic
zero, L is an algebraically closed field containing F , K is a CM-field, and ι :
K →֒ End0F (A) ⊆ End0(A) is an embedding such that ι(1) = 1, then the following
statements are equivalent:
(i) (A,K, ι) is of Weil type,
(ii) ι makes LieL(A) into a free (K ⊗Q L)-module,
(iii) ι makes LieF (A) into a free (K ⊗Q F )-module.
Proof. Let Σ be the set of embeddings ofK into L, let ψF : K⊗QF → End(LieF (A))
be the homomorphism induced by ι, let ψ : K ⊗QL→ End(LieL(A)) be the exten-
sion of scalars of ψF to K ⊗Q L, let m = 2dim(A)/[K : Q], let MF = (K ⊗Q F )m,
and let M = (K ⊗Q L)m = MF ⊗F L. Let ψ′F : K ⊗Q F → End(MF ) and
ψ′ : K ⊗Q L→ End(M) be the natural homomorphisms. By §2.1 of [18], for every
σ ∈ Σ we have nσ + nσ¯ = m. For α ∈ K, taking the trace of ψ(α) gives
tr(ψ(α)) =
∑
σ∈Σ
nσσ(α).
The traces of ψ and of ψ′ coincide on K if and only if nσ = nσ¯ = m/2 for every
σ ∈ Σ. SinceK⊗QL is a semisimple ring, LieL(A) andM are semisimple (K⊗QL)-
modules. Therefore, LieL(A) is a free (K ⊗Q L)-module if and only if the traces of
ψ and of ψ′ coincide on K. Therefore, LieL(A) is a free (K ⊗Q L)-module if and
only if (A,K, ι) is of Weil type.
If LieF (A) is a free (K ⊗Q F )-module, then clearly LieL(A) ( = LieF (A)⊗F L)
is a free (K ⊗Q L)-module.
Conversely, if LieL(A) is a free (K ⊗Q L)-module, then the traces of ψ and of ψ′
(and therefore of ψF and of ψ
′
F ) coincide on K. Since K⊗QF is a semisimple ring,
LieF (A) and MF are semisimple (K ⊗Q F )-modules. Therefore LieF (A) and MF
are isomorphic as (K ⊗Q F )-modules, i.e., LieF (A) is a free (K ⊗Q F )-module.
See also p. 525 of [15] for the case where K is an imaginary quadratic field.
Remark 2.3. If A is an abelian variety defined over a field F of characteristic zero,
K is a totally real number field, and ι : K →֒ End0F (A) is an embedding such that
ι(1) = 1, then ι makes LieF (A) into a free (K ⊗Q F )-module. To see this, let L
be an algebraically closed field containing F , let Σ be the set of embeddings of K
into L, and let ψ : K → End(LieL(A)) be the homomorphism induced by ι. Let
m′ = dim(A)/[K : Q]. We have
tr(ψ(α)) = m′
∑
σ∈Σ
σ(α)
for every α ∈ K, by §2.1 of [18]. Therefore, LieL(A) is a free (K⊗QL)-module. As
in the proof of Lemma 2.2, it follows that LieF (A) is a free (K ⊗Q F )-module.
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Suppose A is a complex abelian variety. Let V = H1(A,Q) and let S =
ResC/RGm. The complex structure on A gives rise to a rational Hodge structure
on V of weight −1, i.e., a homomorphism of algebraic groups h : S→ GL(V )R. Let
T be the kernel of the norm map N : S→ Gm. Then T(R) = {x ∈ C : |x| = 1}.
Definition 2.4. If A is an abelian variety over C and V = H1(A,Q), then the
Hodge group H is the smallest algebraic subgroup of GL(V ) defined over Q such
that H(R) contains h(T(R)). Equivalently, H is the largest algebraic subgroup of
GL(V ) defined over Q such that all Hodge classes in V ⊗p ⊗ (V ∗)⊗q, for all non-
negative integers p and q, are tensor invariants of H . I.e., H is the largest algebraic
subgroup of GL(V ) defined over Q which fixes all Hodge classes of all powers of A.
It follows from the definition of H that End0(A) = EndH(V ).
If now F is a number field and ℓ is a prime number, let Tℓ(A) = lim
←
Aℓr (the Tate
module), let Vℓ(A) = Tℓ(A)⊗Zℓ Qℓ, and let ρA,ℓ denote the ℓ-adic representation
ρA,ℓ : Gal(F¯ /F )→ GL(Tℓ(A)) ⊆ GL(Vℓ(A)).
Let Gℓ denote the algebraic envelope of the image of ρA,ℓ, i.e., the Zariski closure
in GL(Vℓ(A)) of the image of ρA,ℓ. By [1], Gℓ is a reductive algebraic group, and
End0F (A)⊗Q Qℓ = EndGℓ(Vℓ(A)). Let Hℓ be the identity connected component of
Gℓ ∩ SL(Vℓ(A)). Then Hℓ is a connected reductive group and End0(A) ⊗Q Qℓ =
EndHℓ(Vℓ(A)).
We will repeatedly use the fact (see the first Theorem on p. 220 of [6]) that if
G is a connected linear algebraic group over a field F of characteristic zero, then
G(F ) is Zariski-dense in G.
Lemma 2.5. If G is a reductive linear algebraic group over a field F of character-
istic zero, and Z is the center of G, then G is semisimple if and only if Z(F ) is
finite.
Proof. Let Z0 denote the identity connected component of Z. Since G is reductive,
G is semisimple if and only if Z0 = 1 (see the lemma on p. 125 of [6]). Since Z0(F )
is Zariski-dense in Z0, Z0 = 1 if and only if Z(F ) is finite.
3. Semisimplicity criteria for the groups H and Hℓ
If the center of End0(A) is a direct sum of totally real number fields, then it is
well-known that the groups H and Hℓ are semisimple (see, for instance, Corollary
1 in §1.3.1 of [24] and Lemma 1.4 of [22]). The following result follows easily from
a result in [8], and characterizes the endomorphism algebras of abelian varieties
whose Hodge groups are not semisimple.
Theorem 3.1. Suppose A is an abelian variety defined over C. Then the Hodge
group of A is not semisimple if and only if for some simple component B of A, the
center of End0(B) is a CM-field K such that (B,K, id) is not of Weil type, with id
the identity embedding of K in End0(B).
Proof. Let V = H1(A,Q). Fix a polarization on A. The polarization induces a
non-degenerate alternating bilinear form ϕ : V × V → Q such that H ⊆ Sp(V, ϕ)
(see [11]). Then
H(Q) ⊆ Sp(V, ϕ)(Q) = {g ∈ End(V ) : gg′ = 1},
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where g 7→ g′ is the involution on End(V ) defined by
ϕ(g(x), y) = ϕ(x, g′(y)) for x, y ∈ V .
The restriction of the involution ′ to End0(A) is the Rosati involution. Let Z denote
the center of H and let ZEnd denote the center of End
0(A). If α ∈ Z(Q), then α
commutes with all elements of H(Q), so α ∈ End0(A). Further, since α ∈ H(Q),
α commutes with all elements of End0(A), and therefore α ∈ ZEnd. Therefore,
Z(Q) ⊆ {α ∈ ZEnd : αα′ = 1}. (1)
If A is isogenous to a product of two abelian varieties, then the Hodge group H
of A is a subgroup of the product of the Hodge groups H1 and H2 of the factors,
in such a way that for i = 1 and 2 the restriction to H of the projection map
from H1 × H2 onto Hi induces a surjective homomorphism from H onto Hi (see
Proposition 1.6 of [5]). It follows easily that H is semisimple if and only if both H1
and H2 are semisimple. We may therefore reduce to the case where A is a simple
abelian variety. Then the center ZEnd of End
0(A) is either a totally real number
field or a CM-field.
Suppose ZEnd is totally real. Then all Rosati involutions are the identity when
restricted to ZEnd. By (1), Z(Q) ⊆ {±1}. Therefore, Z(Q) is finite, so H is
semisimple by Lemma 2.5.
Suppose ZEnd is a CM-field K. Then every Rosati involution induces complex
conjugation on K. Choose α ∈ K× such that α¯ = −α. Then there exists a
unique K-Hermitian form ψ : V × V → K such that ϕ(x, y) = TrK/Q(αψ(x, y))
(see [18]). The unitary group U(V, ψ) is an algebraic group over K0, the maximal
totally real subfield of K. Let U = ResK0/QU(V, ψ), let SU denote the kernel of
the determinant homomorphism detK : U→ ResK/QGm, and let EndK(V ) denote
the ring of K-linear endomorphisms of V . Then
U(Q) = {g ∈ EndK(V ) : ψ(g(x), g(y)) = ψ(x, y) for all x, y ∈ V }
and H ⊆ U ⊆ Sp(V, ϕ). By Lemma 2.8 of [8], H ⊆ SU if and only if (A,K, id) is
of Weil type. If H is semisimple, then all homomorphisms from H to commutative
groups are trivial. Therefore detK(H) = 1, so H ⊆ SU. Conversely, if H ⊆ SU,
then Z(Q) ⊆ SU(Q) ∩K, the group of (dim(V )/[K : Q])-th roots of unity in K.
Therefore Z(Q) is finite and H is semisimple.
Theorem 3.2. Suppose A is an abelian variety defined over a number field F .
Then the following are equivalent:
(i) H is semisimple,
(ii) Hℓ is semisimple, for one prime ℓ,
(iii) Hℓ is semisimple, for every prime ℓ.
Proof. Let ℓ be a prime number and let Vℓ = Vℓ(A). By Theorem 3.1, it suffices to
show that Hℓ is not semisimple if and only if for some simple component B of A,
the center of End0(B) is a CM-field K such that (B,K, id) is not of Weil type, with
id the identity embedding of K in End0(B). Since Hℓ is connected, it is invariant
under finite extensions of the number field F . By replacing F by a finite extension,
we may suppose that End0(A) = End0F (A).
We parallel the proof of Theorem 3.1. Fix a polarization on A defined over
F . Let V and ϕ be as in the proof of Theorem 3.1. Then Vℓ = V ⊗Q Qℓ. Let
ϕℓ : Vℓ × Vℓ → Qℓ be the Qℓ-linear extension of ϕ. It follows immediately from
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p. 516 of [25] and the definition of Hℓ that Hℓ ⊆ Sp(Vℓ, ϕℓ). Let Zℓ denote the
center of Hℓ, let ZEnd denote the center of End
0(A), and let ′ denote the involution
on End(Vℓ) induced by ϕℓ. Following the proof of Theorem 3.1, we conclude that
Zℓ(Qℓ) ⊆ {α ∈ ZEnd ⊗Q Qℓ : αα′ = 1}.
If A is F -isogenous to a product of two abelian varieties, then Hℓ is a subgroup of
the product of the corresponding groupsH1,ℓ and H2,ℓ for the factors, in such a way
that for i = 1 and 2 the restriction to Hℓ of the projection map from H1,ℓ ×H2,ℓ
onto Hi,ℓ induces a surjective homomorphism from Hℓ onto Hi,ℓ. It follows that we
may reduce to the case where A is F -simple.
If ZEnd is totally real, we conclude that Hℓ is semisimple as in the proof of
Theorem 3.1. Suppose ZEnd is a CM-field K and let Kℓ = K ⊗QQℓ. Let ψ and U
be as in the proof of Theorem 3.1, let ψℓ : Vℓ × Vℓ → Kℓ denote the Kℓ-Hermitian
form which extends the pairing ψ, let Uℓ = U ×Qℓ, let SUℓ denote the kernel of
the determinant homomorphism detKℓ : Uℓ → ResK/QGm×Qℓ, and let EndKℓ(Vℓ)
denote the ring of Kℓ-linear endomorphisms of Vℓ. Then
Uℓ(Qℓ) = {g ∈ EndKℓ(Vℓ) : ψℓ(g(x), g(y)) = ψℓ(x, y) for all x, y ∈ Vℓ}
andHℓ ⊆ Uℓ ⊆ Sp(Vℓ, ϕℓ). By Lemma 2.8 of [8], Hℓ ⊆ SUℓ if and only if (A,K, id) is
of Weil type. The group SUℓ(Qℓ)∩Kℓ is the finite group of (dimQℓ(Vℓ)/dimQℓ(Kℓ))-
th roots of unity in the ring Kℓ. Paralleling the proof of Theorem 3.1, Hℓ ⊆ SUℓ if
and only if Hℓ is semisimple.
Example 3.3. If A is odd-dimensional and the center of End0(A) is a CM-field
K, then H is not semisimple. To show this, note that A is isogenous to a power of
a simple odd-dimensional abelian variety B such that K is the center of End0(B).
Then the Hodge groups of A and of B coincide, so we may reduce to the case where
A is simple. Let d = dim(A) and use the notation of the proof of Lemma 2.2. Then
nσ + nσ¯ = 2d/[K : Q]. If H were semisimple, then by Theorem 3.1, (A,K, id)
would be of Weil type. We would therefore have nσ = nσ¯, and so 2d/[K : Q] would
be even. However, d is odd and [K : Q] is even, so this cannot happen.
4. Abelian varieties having purely multiplicative reduction
Theorem 4.1. Suppose A is an abelian variety over a subfield F of C, v is a
discrete valuation on F , and A has purely multiplicative reduction at v. Then the
Hodge group H of A is semisimple.
Proof. Since H is semisimple if the Hodge groups of each of its F -simple compo-
nents are, we may reduce to the case where A is an F -simple abelian variety with
purely multiplicative reduction at v. Since the properties of having semisimple
Hodge group and having purely multiplicative reduction are invariant under finite
extensions of the ground field, we may assume End0F (A) = End
0(A). Suppose that
H is not semisimple. By Theorem 3.1, the center of End0(A) is a CM-field K
such that (A,K, id) is not of Weil type, with id the identity embedding of K in
End0(A). Let L be a fixed algebraic closure of the completion Fv of F at v. Since
A has purely multiplicative reduction at v, A admits a non-archimedean uniforma-
tion; i.e., (see [12] and [14]) there are a discrete subgroup Γ of Gdm(Fv) = (F
×
v )
d,
isomorphic to Zd, and a Gal(L/Fv)-equivariant v-adically continuous isomorphism
(L×)d/Γ ∼= A(L) which for some finite extension M of Fv induces an isomorphism
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(M×)d/Γ ∼= A(M) as M -Lie groups. Let O be the center of End(A). Then O is
an order in K. By Satz 6 of [3], there is a homomorphism O →֒ End(Gdm) which
induces the inclusion O ⊆ End(A). Composing with the natural homomorphism
End(Gdm) →֒ End(Hom(Gm,Gdm))
and tensoring with Q, we have
K →֒ End(Hom(Gm,Gdm)⊗Q).
Therefore, the inclusion of K in End0(A) induces a K-vector space structure on
Hom(Gm,G
d
m)⊗Q. Tensoring with M makes Hom(Gm,Gdm)⊗ZM ( =Md) into
a free (K ⊗Q M)-module. We can view (M×)d as a (non-archimedean) analytic
variety over M . The tangent space to (M×)d at 1 is isomorphic to Md. By [9]
(see also Chapter 2 of [7]), (L×)d/Γ can be embedded, via theta functions, as an
analytic subvariety of a projective space Pn(L), so that the image of (M×)d/Γ is
A(M). Let T denote the analytic tangent space at the origin of the analytic variety
A(M). The tangent map is an isomorphism Md ∼= T . The algebraic tangent space
at the origin to the algebraic variety A over M is LieM (A) = LieF (A) ⊗F M , and
there is a canonical isomorphism between the analytic and algebraic tangent spaces
to A(M) (see subsection 3 of §2 of Chapter II of [17]). Therefore, the identity
embedding of K into End0(A) makes LieM (A) into a free (K ⊗Q M)-module. By
Lemma 2.2, (A,K, id) is of Weil type, contradicting our assumptions.
Theorem 4.1 remains true if we replace the assumption that v is a discrete
valuation by the assumption that v is a valuation of rank 1 and A admits non-
archimedean uniformization (Gerritzen’s theorem remains true under these assump-
tions).
5. Bounds on torsion of abelian varieties which do not have purely
multiplicative reduction
It is easy to find uniform bounds on orders of torsion points over number fields
for abelian varieties with potential good reduction, or for elliptic curves which do
not have multiplicative reduction, at a given discrete valuation (see [20], [19], [2]).
In this section we extend these results by finding bounds on torsion subgroups
of abelian varieties which do not have purely multiplicative reduction at a given
discrete valuation.
Suppose A is a d-dimensional abelian variety over a field F , v is a discrete
valuation on F with finite residue field k of order q, n is a positive integer relatively
prime to q, and J is a non-zero subgroup of the group An(F ) of points in A(F ) of
order dividing n. Let A0v denote the connected component of the identity of the
special fiber Av of the Ne´ron minimal model of A at v. Let a, u, and t denote
respectively the abelian, unipotent, and toric ranks of A0v. Then d = a+ t+ u.
If λ is a polarization on A defined over an extension of F which is unramified over
v, define a skew-symmetric Galois-equivariant pairing eλ,n on An by eλ,n(x, y) =
en(x, λ(y)), where en is the Weil pairing. If J is not isotropic with respect to eλ,n,
and n is a prime number, then ζn ∈ F , so the prime n can be bounded independent
of A (with a bound depending on F ). Therefore, the more interesting case is when
J is an isotropic subgroup of An(F ). If J is a maximal isotropic subgroup of An(F ),
and A does not have semistable reduction at v, then n ≤ 4, by Theorem 6.2 of [21].
The remaining case to consider is the case where A has semistable reduction at v.
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Theorem 5.3 below implies that in this case we can bound n in terms of q and d,
as long as A does not have purely multiplicative reduction at v. Note that if P is a
point of A(F ) of order n which reduces to a point of A0v, then n is bounded above by
#A0v(k). Therefore even in the case of abelian varieties with purely multiplicative
reduction one can easily bound, by a constant depending only on d and q, the orders
of torsion points whose reductions lie in A0v. As was the case for elliptic curves, the
most difficult case is the case when the reduction is purely multiplicative and the
reductions of the torsion points do not lie in the identity connected component of
the special fiber of the Ne´ron minimal model.
Lemma 5.1 (Lemma 1 on pp. 494–495 of [16]). If A is an abelian variety over a
field F , v is a discrete valuation on F , and n is a positive integer relatively prime
to the residue characteristic of v, then (A0v)n is a free Z/nZ-module of rank 2a+ t.
Proposition 5.2. Suppose A is an abelian variety over a field F , v is a discrete
valuation on F with finite residue field k of order q, n is a positive integer relatively
prime to q, and J is a subgroup of An(F ). Suppose there is a positive constant ǫ
such that |J | ≥ nt+2u+ǫ. Then n ≤ (#(A0v)n(k))1/ǫ ≤ (#A0v(k))1/ǫ.
Proof. Let d = dim(A). Via the reduction map we may view An(F ), and therefore
J , as a subgroup of (Av)n (see [16]). Therefore, #J#(A
0
v)n divides n
2d#(J∩(A0v)n).
Thus by Lemma 5.1, #J divides nt+2u#(J ∩ (A0v)n). Therefore,
nǫ ≤ #(J ∩ (A0v)n) ≤ #(A0v)n(k) ≤ #A0v(k).
Theorem 5.3. Suppose A is a d-dimensional abelian variety over a field F , v is a
discrete valuation on F with finite residue field k of order q, n is a positive integer
relatively prime to q, and An(F ) has a subgroup of order n
d. Suppose the reduction
of A at v is semistable but not purely multiplicative. Then
n ≤ (1 +√q)2a(1 + q)t ≤ (1 +√q)2d.
Proof. Since A has semistable reduction at v, u = 0. Since the reduction of A at
v is not purely multiplicative, a ≥ 1. Applying Proposition 5.2 with ǫ = 1, we
have n ≤ #A0v(k). Since A has semistable reduction at v, A0v is an extension of
an abelian variety B by a torus T . We have the Weil bound #B(k) ≤ (1 +√q)2a.
Similarly, we have the bound #T (k) ≤ (1 + q)t, as follows. Let X be the group
of characters of T ⊗ k¯. The Frobenius element of Gal(k¯/k) acts on X , say by ϕ0.
Since the torus T splits over some finite extension of k, Gal(k¯/k) acts on X through
a finite quotient, so all the eigenvalues of ϕ0 have absolute value 1. Therefore all
eigenvalues of q − ϕ0 are non-zero and have absolute value at most 1 + q. We have
(see Theorem 6.2 in §1 of Chapter VI of [23])
#T (k) = |det(q − ϕ0)| ≤ (1 + q)t.
Therefore,
#A0v(k) ≤ (1 +
√
q)2a(1 + q)t = (1 +
√
q)2a(1 + q)d−a ≤ (1 +√q)2d.
If c and d are positive integers, let f(c, d) be the maximum of the orders of the
elements of GL2d(Z/cZ).
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Theorem 5.4. Suppose A is a d-dimensional abelian variety over a number field
F of degree m, v is a discrete valuation on F at which A does not have purely
multiplicative reduction, p is the residue characteristic of v, n and r are positive
integers not divisible by p, r ≥ 3, and An(F ) has a subgroup of order nd. Then
n ≤ (1 + pmf(r,d)/2)2d.
Proof. By a theorem of Raynaud (Proposition 4.7 of [4]), A has semistable reduction
at the discrete valuations on the field F (Ar) of residue characteristic not dividing
r. Let v′ be a valuation on F (Ar) extending v, and let k be the corresponding
residue field. Then #k divides pmf , where f is the order of Frobenius at v′ in
Gal(F (Ar)/F ). Since Gal(F (Ar)/F ) injects into GL2d(Z/rZ), #k divides p
mf(r,d).
The result now follows from Theorem 5.3.
Corollary 5.5. Suppose A is a d-dimensional abelian variety over a number field
F of degree m, and suppose the Hodge group of A is not semisimple. Suppose n is
a positive integer and An(F ) has a subgroup of order n
d. Then
n ≤ [(1 + 2mf(3,d)/2)(1 + 3mf(4,d)/2)]2d < (1 + 10−11) · (234d
2
· 344d
2
)md.
Proof. The result follows from Theorem 4.1, by applying Theorem 5.4 with p = 2,
r = 3 to bound the prime-to-two part of n, and with p = 3, r = 4 to bound the
prime-to-three part of n. The final inequality follows from the bound f(c, d) ≤
#GL2d(Z/cZ) < c
4d2 .
The bounds on n given in Corollary 5.5 were shown in Theorem 3.3 and Remark
2 of [20] to be bounds on the orders of torsion subgroups of abelian varieties with
potential good reduction at discrete valuations of residue characteristics 2 and 3.
If we assume the existence of a polarization on A of degree prime to n (for exam-
ple, a principal polarization) we obtain stronger bounds. The following results give
bounds on torsion subgroups of order prime to the degree of a given polarization.
Theorem 5.6. Suppose A is a d-dimensional abelian variety over a number field
F of degree m, v is a discrete valuation on F at which A does not have purely
multiplicative reduction, p is the residue characteristic of v, ℓ is a prime number,
ℓ 6= p, J is a subgroup of Aℓ(F ) of order ℓd, λ is a polarization on A defined over
an extension of F unramified at v, and ℓ does not divide the degree of λ. Then
ℓ ≤ (1 + pm/2)2d.
Proof. Since ℓ does not divide the degree of λ, the pairing eλ,ℓ is nondegenerate.
If J is not isotropic with respect to eλ,ℓ, then F contains a primitive ℓ-th root of
unity. Therefore ℓ− 1 divides [F : Q], so ℓ ≤ 1 +m.
Suppose J is isotropic with respect to eλ,ℓ. Then J is a maximal isotropic
subgroup of Aℓ (since #J = ℓ
d and eλ,ℓ is nondegenerate). If A does not have
semistable reduction at v, then ℓ ≤ 3 by Theorem 6.2 of [21]. If A has semistable
reduction at v, then ℓ ≤ (1+ pm/2)2d by Theorem 5.3. The result now follows since
(1 + pm/2)2d is greater than 3 and than 1 +m.
Corollary 5.7. Suppose (A, λ) is a d-dimensional polarized abelian variety over a
number field F of degree m, and suppose the Hodge group of A is not semisimple.
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Suppose ℓ is a prime number which does not divide the degree of λ, and J is a
subgroup of Aℓ(F ) of order ℓ
d. Then
ℓ ≤ (1 + 2m/2)2d.
Proof. By Theorem 4.1, A does not have purely multiplicative reduction at any
discrete valuations. Since 2 < (1 + 2m/2)2d, we may assume ℓ is an odd prime, and
we obtain the result by applying Theorem 5.6 with p = 2.
The proof of Theorem 5.6 shows that ℓ ≤ max{1 +m, (1 + √q)2d}, where q is
the order of the residue field of v. Therefore in Corollary 5.7 we can conclude that
ℓ ≤ max{1 +m, (1 +√f)2d}, where f is the minimal order of the residue fields of
the valuations on F of residue characteristic 2.
Corollary 5.8. Suppose (A, λ) is a d-dimensional polarized abelian variety over a
number field F of degree m, and suppose the Hodge group of A is not semisimple.
Suppose n is a positive integer relatively prime to the degree of λ, and J is a subgroup
of An(F ) of order n
d which is a maximal isotropic subgroup with respect to eλ,n.
Then
n ≤ (1 + 2m/2)2d(1 + 3m/2)2d.
Proof. By Theorem 4.1, A does not have purely multiplicative reduction at any
discrete valuations. The prime-to-p part of n is bounded above by 4 if there is
a valuation on F of residue characteristic p at which A does not have semistable
reduction (by Theorem 6.2 of [21]), and otherwise is bounded above by (1+pm/2)2d
(by Theorem 5.3). Note that 4 < (1 + pm/2)2d. The result follows by letting
p = 2, 3.
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